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Abstract 
In the first chapter, we investigate matters regarding the period of continued 
fractions of real numbers of the form IN = v'd? + r, where 1 S r S 2d. We also 
derive an algorithm that can be used to generate partial quotients of continued 
fractions of this type. We obtain a bound for the average period of contin-
ued fraction expansions for fixed values of d. Finally, we obtain asymptotic 
approximation formulae which estimate the number of N S x such that the pe-
riod of the continued fraction expansion for IN is a fixed positive integer value. 
In the second chapter, our objective is to express the set of all positive inte-
gers as a finite collection of ai (mod m,), 1 S i S k, where k is a sufficiently 
large integer, such that the moduli m, are distinct and mi ;:0: 8. 
In order to do this, we must show that for any given integer n, it is easy to 
verify that n'" ai (mod mi) for some i in 1 Si S k. 
We shall show that there is a proof that the union of u, (mod mi), 1 S i S k 
covers (Le. includes) the set of all integers. In order to do this we shall use 
a method given by R. Morikawa in [5J to construct a covering congruence tree 
which contains the necessary collection of ai (mod m;). 
In the third chapter, we prove that it is impossible to cover the set of all positive 
integers as a finite collection of ai (mod m;), 1 Si S k, where k is a sufficiently 
large integer, such that the moduli rni are distinct, co-prime, odd and greater 
than one. Furthermore, we prove that there exists an infinite set of arithmetic 
progressions of integers which are not covered. We note that this was previously 
an unsolved problem on which no significant progress had been made. 
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Chapter 1 - Periods of continued fractions 
Introduction 
In this section, we investigate matters regarding the period of continued fractions 
of real numbers of the form Vii = V d2 + r, where 1 :0; r :0; 2d. It follows that 
N is an integer satisfying d2 < N < (d + 1)2 so that L ViiJ = d, where L ViiJ 
is the integer part of Vii. We also derive an algorithm that can be used to 
generate partial quotients of continued fractions of this type. We also obtain 
asymptotic approximation formulae which estimate the number of N :0; x such 
that the period of the continued fraction expansion for Vii is a fixed positive 
integer value. 
As in [1, p.I30], we adopt the notation fao, a" ... , ae] for the continued fraction 
1 
ao + --~1"'----­
a, + ----:----1 
.. +----
ae 
We note that the partial quotients of the continued fraction above are repre-
sented by aO,al, ... ,al. 
Define a, to be the ith partial quotient, where i is an integer such that 0 :0; i :0; i. 
Define the zeroth complete quotient 00 to be equal to Vii and let the i+ 1 th com-
plete quotient OHl be determined from the recursion Oi = ai + O,~" 0:0; i :0; C. 
We shall also make use of Lagrange's theorem (see [2, p.130] ) which states that 
where the repeating portion (excluding the last partial quotient) is symmetric 
upon reversal, and the central partial quotient may appear either once or twice. 
Theorem 1 
Let 
N = «2n + l)k + n)2 + 2n + 1, (1) 
where k is a positive integer greater than 1 and n is any positive integer. Then 
the continued fraction expansion for Vii has period 6k. 
Proof 
Write r = 2n + 1, d = rk + n, so that N = d" + r. 
Then the number 00 = Vii has the integer and fractional parts 
ao = d o=Oo-d. 
1 
The first pair of complete and partial quotients for 00 are given by 
2(d-n) 2n+o 
= + --, (since 2n + 0 < 2n + 1 = r) 
r r 
2(d - n) = 2rk-l. 
r 
We shall now establish that for some integer i, where 0 < i < k, we have 
rio 
1 _ 0 < 1, 0 < i < k. 
If (2) holds, then we have 
Then 
and so we have 
1 
0= 00 - d < -. -1' 0 < i < k. 
r' + 
~ r 1 
00-d=yd2 +r-d= ~ <-'-1' 
d +r+d r'+ 
rHI + r < V d2 + r + d, 0 < i < k. 
The last statement is true because it follows from (1) that r HI < rk < 2d. 
We have now proved that (2) is true. 
(2) 
By substituting i=1 into (2), we find that the second and third pairs of complete 
and partial quotients are given by 
1 r 2n+l 1-0 
O2 = OI-al=2n+"=2n+"=1+ 2n + 8, a2=1, 
1 2n + 0 r8 03 = --- = -- =2n+--, a3 = 2n, 02-a21+8 1-0 
and we have established that 
2 k-I al = r , az = 1, a3 = 2n. (3) 
1 Before continuing this process, we shall find it necessary to express Ii in terms 
. 1 
of d, rand O. We have already done thIS when we found 01 = Ii' So we recall 
that 
1 2d+" 
= 
" 
r 
(4) 
2 
The fourth complete quotient is given by 
8. = 1-0 1-0 1 (1-0)(2d+5) by (4), 
-;:r = -r-' J = r2 
= 
(-2do - 02) + 2d + 0 2d -. + 0 
= 
r2 by another application of (4), 
It follows that the fourth pair of complete and partial coefficients are given by 
e. = 2(d-n)-r
2+r2-1+0 2(d-n) .2-1+0 
= r2 -1 + r2 ' 
By substituting ;=2 into (2), we find that the next two pairs of complete and 
partial quotients follow immediately, and are given by 
es = 
r2 1- 0 
2 = 1 + , as = 1, r -1+0 r2-1+0 
r2 -1 + 0 .20 
-,--,-- = r2 - 1 + -- a6 = r2 - 1. 1-0 1-0' e6 = 
We now use induction to find em and am for m < 3k, 
Suppose aa our induction hypothesis that, for some i < k, by using (2), we have 
, rio 
e3, = r' - 1 + -- a3,' = ri - 1. 
t 1- 8' 
Then as in the evaluation of e. and a., the next pair of complete and partial 
quotients are given by: 
1- 0 20 - r + 0 
ri - c5 = r H1 
2rk- i - 1 -1, a3H1 = 
and the next two pairs of complete and partial quotients are then given by: 
r
H1 1 - " 
'+1 , = 1 + '+1 " a3H2 = 1, 
r' - 1 + u r' - 1 + u 
r i +1 - 1 + 0 +1 r,+lo HI 
--:;-----;:-- = r' - 1 + -- a3,'+3 = r - 1. 1-0 1-0' 
It follows by induction that, for 1 < i < k, we have 
2 k-i 1 a3i-2 = r -, a3i-l = 1, 
3 
(5) 
The same process still applies to 03k-2, a3k-2 and 03k_I> a3k-l. We have 
a3k-2 = 2rk- k - 1 = 1, 
and 
rk 1-0 
03k-l = rk _ 1 + 0 = 1 + rk _ 1 + 0' a3k-l = 1. 
Before proceeding we now show that we have 
1- 82 
d8-n= -2-' 
by substituting r by 2n + 1 in (4). 
(6) 
Using d = rk + nand (6) we find the next pair of complete and partial quotients 
to be 
O _rk-1+0 d-n-1+0 do-n 1+0 3k- 1-8 = 1-0 =d-1+"i"=Y=d-1+-2-, a3k=d-1. 
We have established that 
a3k-2 = 1, a3k-l = 1, a3k = d - 1. (7) 
Continuing with the process, we find that 
03k+! = 
2 1- 0 
1+0=1+1+0' agk+l == 1 = aSk-I, 
03k+2 
1+0 20 
agk+2 = 1 = a3k-2, = 1_0=1+1_0' 
1-0 2d-r+o 2(0-n)-1+o 2(d-n)-2r+2r-1+6 
-U= 2r = 2r = 2r 
= 2(d-n) 1 2r-1+0 
2r - + 2r ' 
and the same inductive argument shows that am = a6k-m for 0 < m < 3k, 
ending with 
which then yields 
k 1 0 86k-l = 2r - +-, 
r 
r 
06k = ;S = 00 + d = 2d + O. 
Thus a6k = 2d and 06k+! = 0" so that there is periodicity with period 6k. 
4 
We have proved that the continued fraction expansion for VN has the form 
with the partial quotients being given by (2), (4), (6) together with 
ao = d, a6k ~ 2d, am "" a6k-m, 1 :::: m < 3k. 
o 
We remark that the above theorem was discovered by using numerical examples 
with the aid of Mathematica. We have since learnt that this theorem is a special 
case of an unpublished result by Van der Poorten. 
Proposition 1 
Let N = d2 + r, where 1 :::: r :::: 2d. Then the necessary and sufficient condition 
for the continued fraction expansion of VN to have period 2 is r > 1 and rl2d. 
Proof Write 00 = VN and ao = d. The first complete quotient is given by 
1 1 VN+d 2d+VN-d 01 ~ -- = = = ---'---
Oo-ao VN-d r r 
Suppose that rl2d. Then the first partial quotient is a1 = 2d/r, and the next 
complete quotient is 
O2 =';; =VN+d=2d+(VN-d). N-d 
Thus the second partial quotient is a2 = 2d, and the next complete quotient is 
1 
03 = '" = 01, yN-d 
so that the period is either 1 or 2. In fact, if r = 1, then O2 = 01 , and the period 
is 1. 
However, if r > 1 then 02 # 01 and the period is 2. Therefore, the condition 
above for period 2 is sufficient. 
Suppose next that r does not divide 2d, so that 2d = qr + r1 with 1 :::: r1 < r. 
Then we may write the first complete quotient as 
2d-rdv'N - (d-r1) v'N -(d-r1) 01 = = q+ , 
r r 
so that the first partial quotient is 
a1 = 2d~r1 = [2
r
d], 
5 
and the next complete quotient is 
r r 82 = <-<r<2d, 
,IN-(d-rl) rl - -
which implies that the second partial quotient is a2 < 2d, so that the period is 
at least 3. 
The proof of the proposition is complete. 
Remark 
The following is another proof for the necessity part of the proposition. 
If the period is 2 then ,IN = [d, a,2dJ, where 1 ::; a < 2d, and we may write 
,IN = d + x-I, where x satisfies the quadratic 
1 x 
x=a+ 2d + x I =a+ 2dx + 1' 
Le. x2 - ax - a/2d = O. This then gives 
a+ya2+2a/d 1 2 d(ya2 +Za/d-a) 
x= , -= = =yd2+2d/a-d 
2 x ya2+2a/d+a a 
so that N = (d + 1/x)2 = d2 + 2d/a which implies 2d = ra, showing that r > 1 
is a divisor of 2d being a necessary condition. D 
Proposition 2 
Let N = J2 + r, where 1 ::; r ::; 2d. Then the following conditions are necessary 
and sufficient for the continued fraction expansion of ,IN to have period 3: 
(i) r is odd and 1 < r ::; d; 
(H) [2d/r] is an even integer; 
(Hi) d and r satisfy 2ad + 1 = Ca2 + l)r, with a = [2d/r]. 
If the condition holds then ,IN = [d, a, a, 2dJ. 
Proof Suppose that the period is 3, so that ,IN = [d, a, a, 2dJ, where 1 < 
a < Zd. 
Then ,IN = d + 1/x, where x satisfies the quadratic equation 
1 1 2dx+l 
x=a+ 1 =a+ x =a+ (2ad+1)x+a' 
a+ Zd + 1/ x a+ 2dx + 1 
If we set A = a2 + 1, the quadratic becomes (Zad + 1)x2 - ZdAx - A = 0, so 
that we have 
x = 
1 
x 
dA + yd2A2 + (2ad+ 1)A 
2ad+ 1 
6 
Thus N = dZ + (2ad + 1)IA, so that r = (2ad + 1)IA. 
Therefore, if the period is 3, then d, r must satisfy Zad + 1 = (aZ + 1 Jr. 
We note that since the left hand side of the last equation is odd, we have that 
aZ + 1 is odd and r is odd. It follows that a must be even and r is odd. 
Also, solving the quadratic for a yields 
d+y'dZ-r(r-l) 
a= r ' 
which implies that r ::; d. 
We note that (d - r)Z = (d - r)(d + r) # r = d. (We cannot have 
r =0.) 
We shall now find upper and lower bounds for a. We have 
(d-r)z:5 (d-r)(d+r)=dz _rz <dz -r(r-l) <dz. 
In other words, we have that 
(d - r)' < d' - r(r - 1) < d' 
2d-r d+y'd"-r(r-l) 2d 
--< <-, 
r r r 
so that 
a = [Zrd] < 2d. 
The necessity of the conditions (i), (ii), (iii) is established. 
Suppose next instead, in order to prove the converse, that the conditions (i), 
(ii), (iii) are satisfied. 
Write BD = VN. Then aD = LBoJ = d, and the next complete quotient is given 
by 
1 1 VN+d ar+VN-(ar-d) 81 = = = = BD-aD VN-d r r 
l VN - (ar - d) j = 2d - ar 
r-l Z 
= --, since we have the condition 2ad + 1 = (a + l)r. 
a 
Therefore the first partial quotient is al = a, and so the next complete quotient 
is given by 
r r (VN + (ar - d») 
Bz = = ---'"..,....--,--~~ 
VN-(ar-d) N-(ar-d)Z 
..:.VN."-N_+'-("'ar'-.-_dC.!,) = a + VN - d. 
r r 
Therefore the second partial quotient is az = a. The next complete quotient is 
given by 
7 
Thus a3 = 2d, and B 4 = B" so that the period is 3. o 
Proposition 3 
Let N = d2 + r, where 1 S r S 2d, and define ri, s, t by 
2d=alr+rl, Os r, < r, t = d - r,. 
Then a necessary and sufficient condition for the continued fraction expansion 
of "iN to have period 4 is that 1 < sl2t. If the condition holds then "iN = 
[d,a"a2,a,,2d], where U2 = 2t/s. 
Proof Write 00 = "iN and ao = LOoJ = d. We note that air = d + t, so that 
the first complete quotient is 
1 1 "iN+d "iN-t 
8, = 8
0 
_ ao = "iN _ d = r = a, + r 
Thus 
a, = 2d ~ r, = l2
r
d J 
is the first partial quotient; we have already seen that if r = 1 then the period 
is 1, and if 1 < rl2d then the period is 2. We have N - t2 = r + r, (2d - rd = 
r(1 + air,) = rs, and so the next complete quotient is 
1 r "iN +t 02 = -- = = -'...:'--..:-...:. 
B, - a, "iN - t s 
so that the second partial quotient is given by 
a2 = L02J = l d: t J = l2d ~ r, J . 
If s = 1, then by 2d = air + r" we have r, = 0 so that rl2d, and the period is 
2. 
If 1 < sl2t then we rewrite 02 as 
02= 2t+"iN-t. 
s 
We have that 0 < r, = d - t < "iN - t < d + 1 - t = r, + 1 S air, + 1 = s, 
i.e. 0 < "iN - t < s. 
Therefore, a2 = 2t/ s and the next complete quotient is 
1 s "iN+t 2d-r,+"iN-d "iN-d 03 = --- = = = = a, + . 82-a2 "iN-t r r r 
Thus the third partial quotient is ag = a" and the next complete quotient is 
8 
Therefore a. = 2d and B5 = BI , so that the period is 4 if 1 < 812t. 
On the other hand if s ..r 2t then we may write 
v'N -t' 
(}2 = a2 + , 0 < v'N - t' < s, t' f t, 
8 
and hence 
B s S 8(t' - t) v'N - d 8(t' - t) 
s = v'N _ t' = v'N - t + v'N - t' = a, + r + v'N - t' . 
Now if the third partial quotient as oF al then the period cannot be 4. 
However, even if as = 3 then since t' oF t, it follows from the above O. f 2d+ 1 /0" 
so that the period still cannot be 4. 0 
The previous proposition is of some importance because the method by which 
it is proved is used to establish the following algorithm, which is a new result. 
Proposition 4 
Let 1 $ r $ 2d and N = d2 + T. Then each complete quotient Ok for the 
continued fraction expansion for v'N has the representation 
(1) 
Moreover, the following is an integer arithmetic algorithm that determines the 
periodic expansion 
If r = 1 then the period is e = 1, and ao = d, at = 2d. 
For 1 < T $ 2d, we first set 
TO = 1, to = d, ao = d, 
and let 
k = 1, Tk = T, tl = -l. 
While rk oF Tk-I and tk oF tk_l, we set 
tk == -tk_1 (mod rk), with d - Tk < tk $ d, 
before replacing k by k + 1. 
9 
This process will then terminate either with Tk = Tk-l or tk - tk_l, but not 
both. 
If Tk = Tk_l then f = 2k - 1, and if tk = tk-l then f = 2k. 
The remaining partial quotients are then given by 
at = 2d, i + j = I, 1:S j :s 1/2. 
Proof Let us begin by using the definition from the previous proposition, 
that is 
and we define further that to = d, TO = r, r, = r, rh = O. 
Writing 80 = ..fJii, we have aD = L80J = d. 
The first complete quotient is given by 
8, = _1_ = ..fJii + d = 2d - rj + ..fJii - (d - r;) = ad ..fJii - t. 
90 - ao Tl Tl rl 
Thus the first partial quotient is given by 
al = 
2d - Tj 
Tl 
From N - t~ = Tl + Tj(2d - rj) = r,(l + a,T;) = T,T2, we see that the next 
complete quotient is 
82 = _1_ = Tl(..fJii ~tl) = Tl(..fJii +t,) = ..fJii +tl. 
8, - a, N - t, Tlr2 T2 
Now if we define 
we have that 
82 = ..fJii + t, = 2t, - r~ + ..fJii - t, + T~ = a2 + ..fJii - t2 . 
~ ~ ~ 
Thus the second partial quotient can be written as 
2t, - T~ 
a2 = 
r2 
Now we assume, for our inductive hypothesis, that if we define 
10 
then we have that 
Ilk = 1 = rk_1 = ffi + tk_1 
Ilk_1 - ak_1 ffi - tk-I rk 
This is true for k = 1,2, as we have already seen. 
From the inductive hypothesis, we have that N - tLI = rk-Irk. Using this 
expansion, we have 
N - t% = N - (tk_1 - rk)2 = N - t%_1 - rk2 + 2r,/k_1 
,2+2't 12 I , 
= rk_Irk - rk rk k-l = TkTk-l - rk + TkakTk + rh 
rk(akrk + rk-I) = rkrk+J, 
if we set Tk+l = akTk + rk-t. 
From N - t% = rkrk+l> we have 
Il 1 rk rk( ffi + tk) rk( ffi + tk) ffi + tk 
k+l = Ilk - ak = ffi - tk = N - t% = rkrk+J rk+1 
Now if we define 
we have that 
Thus the (k + l)th partial quotient can be written as 
2tk - r"+1 
ak+l = , 
T'k+l 
and we have proved the inductive hypothesis for all k E N+. 
Substituting rk+J = tk - tk+J into the last expression for ak+l gives 
tk+1 + tk tk + tk_1 
ak+l = {o} ak = -"---"-':' 
Tk+l rk 
Thus we have tk == -tk-I (mod Tk). 
In order to find the algorithm for calculating successive ak, tk and Tb we must 
establish the bounds for tk satisfying the above equation. 
We have that tk = tk-I - rh' where 0 :::; r k < rk. 
It follows easily that d = to ::>: tk' Thus we have tk :::; d. 
It follows directly from tk == -tk (mod rk) and tk :::; d that tk + rk > d, since tk 
is unique. We have now established that d - rk < tk :::; d. 
We recail, from the previous proposition, that if r = 1 then the period £ = 1, 
and ao = d, al = 2d. We have now obtained the necessary criteria for the 
algorithm, which is described below. 
11 
For 1 < r :5 2d, we have the initial values 
TO = 1, to = d, ao = d, 
and we let 
k = 1, Tk = T, tl = -1. 
While rk # rk_1 and tk # tk_l, we set 
tk '" -tk-I (mod rk), with d - rk < tk :5 d, 
rk+1 = Uk(tk-I - tk) + rk_1 
before replacing k by k + 1. 
Since there are finitely many possible values for rk and tk> we must eventually 
reach a point where either rk = rk-I or tk = tk-b depending on which of these 
two instances happens first. 
We shall now show that if rk = rk_1 then f = 2k - 1. 
We have already proved (see above) that 
If rk = rk_l, it follows that 
,fN - tk-2 
= ak-I + . 
Tk_l 
Therefore, we have that 
By either using an inductive argument, or by Lagrange's Theorem it follows 
that 
at = 2d, 
where f = 2k - 1. 
We recall that we have proved that 
If tk = tk_l, it follows that 
i + j = f, 
12 
Then, the next complete quotient is given by 
rk vN +tk_l 
Ok+! = = -'--'-...-'.:....0 
vN - tk-l rk 
But we have already shown that 
Therefore, we have that 
and so, ak+1 = ak_l. It follows that if tk = tk-I, by either an inductive argument 
or an application of Lagrange's Theorem that 
at = 2d, i + j = e, 1 . R 
'5, J '5, 2' 
where R = 2k, and ak is the central term of the continued fraction. 
The proposition is now proved. o 
Define the average period to be the sum of all the periods of continued fractions 
of the form vN = V d2 + r, 1 '5, r '5, 2d, for fixed values of d divided by 2d. 
We have used the above algorithm established in the previous proposition to 
obtain the following graph, in which the average period is plotted against cor-
responding integer values of d ranging from 1 to 1000 inclusive. Though we 
are unable to prove it, we conjecture from this graph that for sufficiently large 
values of d, the average period is less than 0.5d. By using elementary methods, 
we have been able to calculate that the average period is bounded from below 
by the function ( ';,' ) d + O(log d). This is shown in Theorem 2. 
13 
Average period 
400 600 800 1000 
Value of d 
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I 
The following proposition gives us another integer arithmetic algorithm, from 
which the periodic continued fraction expansion of ,fN can be determined ex-
plicitly. We use this proposition and the subsequent lemma to establish the 
result in Theorem 2. 
Proposition 5 
Let 1 S r S 2d and N = d2 + r. Then each complete quotient ek for the 
continued fraction expansion for ,fN has the representation 
Ok = ,fN +Uk 
Vk ' 
where ak, Uk and Vk are determined by the following integer arithmetic algo-
rithm. 
We first set 
ao = d~ Ul = d, VI = r, 
and we then evaluate 
N-u% 
Vk = , 
Vk-l 
k 2: 2. 
Proof 
It is well known that the nth convergent !f:; of any continued fraction can be 
obtained from the algorithm 
and 
Pk = Pk-1ak + Pk-2, Qk = Qk-lak + Qk-2, k 2: 2. 
From this, it can be verified that 
ek = -Qk-2,fN + Pk-2 = (_I)k-l,fN + NQk-lQk-2 - Pk-lPk-2 Qk-l,fN - PH P(_I - NQLI 
It follows that the complete quotient Ok for the continued fraction expansion for 
,fN has the representation 
en = ,fN +Uk, 
Vk 
where Uk = (-I)k(Pk_lPk_2 - NQk-IQk-2) and Vk = (_I)k(NQLI - Pt-I)' 
15 
I 
Now we shall establish the necessary recurrence relations. 
We have 
We have 
VN +Uk-I 
Vk-l 
from which it follows that 
By equating rationals and irrationals in the last expression, we obtain 
and 
k:::: 2, 
N-u% 
Vk = , k:::: 2. 
We also have 
1 VN +ao 
Xl = I7\T = 2 yN-ao N-ao 
It follows that UI = ao = d and VI = N - as = r. o 
We use the following lemma to establish bounds for the integers Uk and Vk 
described in the proposition above. The reason for this is that we must count 
the number of possible Uk and Vk in order to establish the result in Theorem 2. 
16 
Vk-l 
Lemma 1 The integers Uk and Vk are positive and satisfy ,fN - Uk < Vk < 
,fN + Uk, k 2: 1. Furthermore, we have Uk < ,fN and Vk < 2,fN. 
Proof 
We begin by proving inductively that 
0< ,fN-uk <1. 
Vk 
(1) 
This statement holds trivially for k = L We now assume that this holds for 
k = n E Z+ and prove it for k = n + 1. Then we have 
By applying the inductive hypothesis, it follows that 
and so we have 
,fN - Un +l 
Vn+l 
This completes the proof of (1). We know that 
and so 
,fN + Uk _ " 1 
-'---'---" - (J'n > , 
Vk 
,fN +Uk > Vk. 
By adding (1) and (2), we obtain 
0< Vk < 2,fN. 
By applying (1) and (3), we obtain 
,fN - Uk < ,fN + Uk, 
and so Uk > O. 
The statement of the lemma now follows trivially. 
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(2) 
(3) 
o 
Theorem 2 
The average period of the continued fraction expansion of VN, where N ~ d2+r, 
1 ::; r ::; 2d is bounded by the function (~:) d + O(log d). 
Proof Let 1 ::; r ::; 2d and N ~ d2 + r. Then, by applying Proposition 5, 
each complete quotient Ok for the continued fraction expansion for VN has the 
representation 
Ok ~ VN +Uk, 
Vk 
where ak, Uk and Vk are determined by the following integer arithmetic algo-
rithm. 
We first set 
and we then evaluate 
Lao +Uk-1J N - u% ak-l = , Uk = ak-lVk-l - Uk_l, Vk = , 
Vk-l Vk-l 
k ~ 2. 
By the preceding lemma and by Proposition 5, we have that 
0< Uk < VN, IVk - VNI < Uk, vkl(N - uZ). 
Let Xi ~ L(2d/i)J, 1 ::; i ::; 2d. 
For Xi < Vk < X'-Io we have Vk > 2d/i and so for fixed Uk, there are at most i 
values of Vk such that vkl(N - uZ). 
If Vk ::; d, then by using the fact that IVk - VNI < Uk and that 0 < Uk < VN, 
we have 
d - Vk < Uk ::; d, 
and so, for Vn ::; d, there are at most Vk possible values for Uk. 
If Vk > d, we have 
Vk - d < Uk ::; d, 
and so, for Vk > d there are at most 2d - Vk possible values for Uk. Moreover, 
since Vk > d, the number of multiples of Vk in each interval d2 + 1-uZ, .. . , d2 + 
2d - u% (in other words, the number of N where d2 < N < (d + 1)2 and 
vkl(N - uVj cannot exceed 2. 
If we denote the number of possible triples (N, Uk, Vk) by I(N), then it follows 
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from the above that 
2d :t:'_l 2d 
l(N) = L L iVk + L 2(2d - Vk) 
i=3 Vk=Xi+1 vk=d+l 
U ~l 
'" .Xi + 1 + Xi-l ( ) '" ~~ 2 Xi-l - Xi + L- 2Vk 
i=3 Vk=O 
2d . 
= L ~(X~_l - x~ + Xi-l - Xi) + d(d - 1) 
i=3 
1 2d 3 
:;:; 2" L(x~ + Xi) + 2"(X~ + X2) + d(d - 1) 
i=3 
2d 
:;:; ~ L((2d/i + 1)2 + (2d/i + 1)) + ~(d2 + d) + d(d - 1) 
i=3 
2d 
= L(2tl'/i2 +3tl/i +1)+ ~d2 + ~d 
i=3 
2d 1 2d 1 5 1 
= 2d2L72+3dL-:-+2d-2+-d2+-d 
i=3 Z i=3 2. 2 2 
:;:; 2d2(,,2/6 -1 -1/4) + 3dlogd + ~d2 + Q(d) 
= (,,2/3) d2 + Q(dlogd). 
Dividing the last statement by 2d gives the desired result. 
The reason for this is that counting the triples is equivalent to counting the 
period of the continued fraction. 0 
We note that our result concerning the average period of the continued frac-
tion expansion for v'Fi, where N is not a perfect square, is an improvement 
on [3[ and [4J which state that the maximal period of the continued fraction 
expansion for VN does not exceed 
and 
3.76VNlogN, 
respectively. 
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Proposition 6 
Let N = d2 + r, where 1 :0; r :0; 2d. Then the following condition is necessary 
and sufficient for the continued fraction expansion of .,flit to have period 5: 
We must have that 
d and r satisfy 2[a, (a~ + 1) + a2]d + (a5 + 1) = [(a,a, + 1)2 + arJJr, 
where al and a2 are positive integers. 
If the condition holds then.,flit = [d,·~a-,-,a-2-,a-2-,-a-,,-'2"d]. 
Proof 
Define 
A = (a\a2 + 1)2 + ai. 
Suppose that the period is 5, so that 
.,flit = [d,al,a2,a2,a\,2d]. 
Then it is necessary and sufficient that .,flit = d + l/x, where x satisfies the 
quadratic equation 
[2(a\ + a2 + a\a~)d + a~ + l]x2 - 2dAx - A = 0 
{o} ~ = [Vd2 + [2(ad a2 + a\a~)d + a5 + IJIA] - d, 
and so, it is necessary and sufficient that 
N _ d2 2( a, + a2 + a\ a~)d + a~ + 1 
- + A ' 
th t - 2(al +a2+aland+a~+1 so a r- A 
The statement of the theorem now follows easily. o 
In order to proceed to the subsequent theorems in this section, we make use of 
the following definition, which can be found in [1, p.7]. 
Suppose that n is an integral variable which tends to infinity, and m is a contin-
uous variable which tends to infinity or to some other limiting value. Suppose 
also that <jJ(n) or <jJ(m) is a positive function of n or m, and that g(n) or g(m) 
is any other function of n or m. 
Then 9 = 0(</» means that -A</> < 9 < A<jJ, 
where A is independent of n or m. 
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Theorem 3 
Define f(x, 2) to be the number of values of N where N ::; x such that N is not 
a perfect square and the period of the continued fraction expansion for .,fN is 
2. 
Then we have 
3 f(x,2) = 4:vxlogx + O(VX). 
Proof 
Define T(n) to be the number of divisors of nE N. 
We have shown that if N = d? + r, 1 ::; r :0; 2d, then the continued fraction 
expansion of .,fN has period 2 iff r I 2d and r > 1. Therefore 
Define 
f(x,2) = Ll 
N<x 
N=d?+r 
l<r~d 
rl2d 
= L Ll+O(vx) 
d~v'xrI2d 
= L T(2d) + O( vx)· 
d~..;x 
T(X) = L T(2d) = L T(n). 
n<X iin 
Let n = ab, such that a and b are both integers. 
If n is odd, we have 
Let 
We have by [1, p.264] that 
1 
H(X) = L;;:' 
.<x ji. 
1 L ;;: = log X + 0(1). 
a:SX 
21 
(1) 
It follows easily from (1) that 
1 
H(X) = 2" log X + 0(1). 
From (2), we have that 
X 1 1 2" L - + O(X) = 4XlogX + O(X). 
a<X a 
2ja 
We have, by omitting the numbers in the last statement, that 
T(X) = ~XlogX + O(X). 
If we set X = 2y'X, then we have 
L r(2d) = L r(2d). 
It follows from the last expression and also from (3) that 
3 
T(X) = T(2y'X) = 4 (2y'X) log (2y'X) + O( y'X). 
It follows that 
3 f(x,2) = 4 y'X log x + O( y'X). 
The theorem is now proved. 
Theorem 4 
(2) 
(3) 
o 
Define f(x, 3) to be the number of values of N where N ::; x such that N is not 
a perfect square and the period of the continued fraction expansion for VN is 
3. 
Then we have 
f(x,3) = Ky'X + O(xt), 
where K = ~1Tcoth ~ - ! "" 0.36. 
Proof 
We have shown that if N = d2 + r, 1 ::; r ::; 2d, then the continued fraction 
expansion of VN has period 3 iff 2ad + 1 = (a2 + l)r. Therefore 
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f(x,3) = L 1 
N~x 
N=d2 +r 
l<r:$;d 
2ad+l=(a2 +1)r 
= L L 1. 
d'5;vx l$r$d 
2ad+l=(a2+1)r 
We have that 
2ad+ 1 = (a2 + l)r. (1) 
Then a must be even and r must be odd. 
If we substitute a = 2b into (1), then it is evident that r = 4s + 1, where band 
s are both positive integers. 
Then we can rewrite (1) as 
b d=4bs+b+-, 
s 
and so we must have that b I s, Le. s = bc, where s, b and c are all positive 
integers. 
It follows that d = 4b2 C + b + c. Therefore 
f(x,3) = L 1 
d$-./ii 
= L L 1 
b$~x! C$$~~ 
= y'X L 4b,l+1 +O(xi). 
b$!xl 
By using the standard result 
~ __ 1_ = ~7I'coth7l'a- _1_ 
L. b2 +a' 2a 2a2 ' 
b:2:1 
we obtain, putting a = ~, that 
We therefore have that 
~ __ 1_ = ~7I'coth:": _ ~. 
L.4b2 +14 22 
b:2:1 
f(x,3) = Ky'X + O(xi), 
where K = i7l'coth~ - !. 
The theorem is now proved. 
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......... --------------------------
Chapter 2 - Covering Sets 
Introduction 
In this section, our objective is to express the set of all positive integers as a 
finite collection of ai (mod m;), 1 :::; i :::; k, where k is a sufficiently large integer, 
such that the moduli mi are distinct and mi :::: 8. 
In order to do this, we must show that for any given integer n, it is easy to 
verify that n '" ai (mod mi) for some i in 1 :::; i :s; k. 
We shall show that there is a proof that the union of ai (mod mi), 1 :::; i :::; k 
covers (Le. includes) the set of all integers. In order to do this we shall use 
a method given by R. Morikawa in [5] to construct a covering congruence tree 
which contains the necessary collection of ai (mod mi)' Indeed, Morikawa's 
method in [5] motivated this work on covering sets. 
It should also be mentioned that the subject of covering sets was introduced by 
Erdos in [6). 
Basic Definitions 
In order to carry out the above objectives, we shall construct a skeletal tree 
diagram consisting of points, which we shall refer to as tree-points. 
A tree-point can be of three types, namely either a leaf or a branch point, or a 
P-termination point. 
If a tree-point is assigned with a residue a, and a modulus mi, such that 
1 :::; i :::; k, where k is a sufficiently large integer and rn, :::: 8., then we call 
the tree-point a leaf 
A tree-point is also a branch point if it is assigned with a given prime which is 
greater than or equal to 2. 
Define an immediate successive branch to be a branch which comes directly 
out of the branch point of a given branch. 
Suppose that a branch-point is assigned with a prime integer r, such that r :::: 2. 
From this branch point, we then create an immediate successive branch consist-
ing of r new tree-points. 
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Example 1 
To illustrate the above explanation, suppose that we set r = 2 so that the initial 
(Le. leftmost in the diagram below) tree-point is a branch point assigned with 
the prime 2. It follows that we must create a new (immediate successive) branch 
(represented by a curly bracket) coming out of this branch point consisting of 
two tree-points. In this example, we have arbitrarily decided that these these 
two tree-points are branch points which have been assigned with the primes 3 
and 5 respectively. This would of course also mean that each of these branch 
points (on the branch coming out of the initial branch point) creates a branch 
consisting of three tree-points and five tree points respectively, but we have de-
cided not to show this below. We also note that this example is not a covering 
set. 
Define a path to be a set of tree-points directly connected by immediate suc-
cessive branches, starting from the initial (Le. diagrammatically leftmost) tree-
point of the skeletal tree. 
We construct an immediate successive branch so that the first of its r tree-
points (mentioned above) is represented by integers congruent to 0 (mod r), the 
second of its r tree-points is represented by integers congruent to 1 (mod r), ... 
, the rth of its r tree-points is represented by integers congruent to r - 1 (mod 
r). 
To illustrate this, we note in Example 1 that the branch points ofthe immediate 
successive branch are assigned with the primes 3 and by 5 are represented by 
integers congruent to 0 (mod 2) and 1 (mod 2) respectively, because the initial 
tree-point is assigned with the prime 2. 
Let Tk represent the k'h of the r tree-points (mentioned above) of an imme-
diate successive branch. 
Define U to be any tree-point in every path P through Tk such that U fol-
lows (Le. diagrammatically appears to the right of) Tk in the path P. 
Define each tree-point U in every path P through n to be covered by inte-
gers congruent to k -1 (mod r), where 1 S k sr. 
If a tree-point is assigned with a residue ai and a modulus rni, such that 
1 S i :5 k, where k is a sufficiently large integer and rni 2: 8., then we call 
the tree-point a leaf. The process of assignment of a leaf depends upon satisfy-
ing the criteria above. 
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We note that though any tree-point corresponds to a residue and modulus, it 
is assigned with its corresponding residue and modulus, only if it is a leaf. We 
recall that if the tree-point is a branch point it is assigned with a prime. 
Define the first of the r tree points (mentioned above) belonging to an immediate 
successive branch of the skeleton tree to be regarded either as a P-termination 
point or a branch point. The remaining r - 1 tree-points can either be branch 
points or leaves. 
The tree-point is called a P-termination point if it is assigned with Pt, where f 
are distinct positive integers. 
Repeating the process described above, using successive branches to each of 
which we assign different values of r (which are distinct only for a given branch), 
we can create paths consisting of numbers covered by different ai (mod mi), 
where the distinct mi are products of different subsets of permutations of the 
r-values in the respective paths. This process is terminated by using tree-points 
which are leaves, in which case we evaluate the corresponding residue and mod-
ulus of the path, according to the procedure described above. 
Define an nth order branch, where n is a natural number, to be an immedi-
ate successive branch created by the nth successive branch point of a path. 
We also recall that the initial tree-point is the branch point from which the 
first order branch comes out of. 
We shall now give a simple example of a covering set obtained by using this 
technique. 
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Example 2 
1
213 { ~ ~:~~ ;). 3) 
2 8 (mod 22 ·3) 
2 (mod 4) 
1 (mod 2) 
The initial (Le. left-most) tree-point is a branch point assigned with 2. This 
means that it creates an immediate successive (first order) branch with upper 
and lower tree-points corresponding to 0, 1 (mod 2), respectively. It follows that 
we have decided to make the lower tree-point on the first order branch a leaf 
representing numbers of the form 1 (mod 2). The remaining upper tree-point 
on the first order branch is a branch point (call this B) assigned with the prime 
2 which corresponds (though we do not assign it as a leaf) to 0 (mod 2). 
Now we consider the second order branch coming out of B. Recall that B itself 
corresponds to 0 (mod 2). Because B corresponds to numbers of the form 0 
(mod 2) and is also assigned with 2, it also creates an immediate successive 
(second order) branch with upper and lower tree-points corresponding to those 
numbers of the form 0 (mod 2), which wben divided by 2 are of the form 0,1 
(mod 2) respectively. In other words, the afore-mentioned second order branch 
coming out of B has upper and lower tree-points corresponding to those numbers 
of the form 0 (mod 4) and 2 (mod 4) respectively. 
The second order branch coming out of B contains an upper tree-point which 
is a branch point (call this C) assigned with the prime 3 which corresponds 
(though we do not assign it as a leaf) to numbers of the form 0 (mod 4). The 
remaining lower tree-point in the second order branch coming out of B is a leaf 
representing numbers of the form 2 (mod 4). 
Now we consider the third order branch coming out of C. Recall that C itself 
corresponds to numbers of the form 0 (mod 4). Because C corresponds to 
numbers of the form 0 (mod 4) and is also assigned with 3, it can also create an 
immediate successive (third order) branch with upper, middle and lower tree-
points corresponding to those numbers of the form 0 (mod 4) which are also of 
the form 0, 1, 2 (mod 3) respectively. 
However, in order that we use leaves with distinct moduli, we can cover the 
remaining numbers in such a way that C creates the afore-mentioned (third 
order) branch with the upper tree-point corresponding to those numbers of the 
form 0 (mod 3) (without using the afore-mentioned 0 (mod 4», with middle 
tree-point corresponding to those numbers of the form 0 (mod 2) ( as specified 
by B on the first order branch instead of 0 (mod 4) by C) which are also of the 
form 1 (mod 3), and finally with the lower tree-point corresponding to those 
numbers of the form 0 (mod 4) which are also of the form 2 (mod 3). 
It now follows that C creates the afore-mentioned (third order) branch with 
upper middle and lower tree-points corresponding to those numbers of the form 
0,4,8 (mod 3,6,12) respectively. 
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Since each path in this example is terminated by a leaf, we can now form a 
covering set consisting of : 
1 (mod 2), 2 (mod 4), 0 (mod 3), 4 (mod 2·3), 8 (mod 22 . 3). 
The P-process 
Define a P-termination point to represent what we shall call a P-process. 
The P-process is a branch process within the skeletal tree by which we can 
terminate the path leading to the relevant P-termination point. This is done 
by introducing a new branch-point which is assigned with a prime integer, say 
q, such that q :::: 2, and q does not equal the r-value in the previous branch 
of the afore-mentioned path. This new branch point is used to create an im-
mediate successive branch consisting of leaves only. In this way, the P-process 
is terminated. The leaves of the branch directly following the q-value are as-
signed with further ai (mod mi) by using the same procedure as before, except 
for the fact that these new residues and moduli need only cover the necessary 
residue(s) modulo q which appears in the path leading to the P-termination 
point representing the P-process in question. 
However, it is not always possible to terminate the path leading to the necessary 
P-termination point by assigning the first branch-point of the P-process with a 
q-value. This is because we may not always be able to give a mathematical proof 
that the leaves of the P-process are represented by a system which covers the 
residue and modulus of the path leading to the P-termination point in question. 
In order to rectify this problem, we may succeed by assigning the first branch-
point of the P-process with the last r-value in the path before the P-termination 
point, before terminating with the q-value. If this fails, we may then continue 
repeatedly using the same r-value to assign subsequent branch-points of the 
P-process, before terminating with the q-value. If this approach still fails, then 
we may then try alternative values of q. 
Once we have completed the P-processes in the skeletal tree, we have constructed 
a covering-congruence tree, in which each path is terminated by a leaf. 
The purpose of applying P-processes is so that we can obtain a covering set in 
which the least modulus is sufficiently large. 
We now show a skeletai tree based on one by Morikawa [11 containing distinct 
moduli rn, :::: 8. 
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2 PI 4 (mod 23) 
{ P2 
2 3 3 (mod 9) 
3 6 (mod 2
2
.33) 
10 (mod 22 .3) 
{ P3 2 14 (mod 23 . 3) 
P4 
3 3 (mod 9) 
15 (mod 2·9) 
P5 
5 (mod 52) 
5 35 (mod 2 . 52) 
40 (mod 3.52) 
145 (mod 2 . 3 . 52) 
5 Pe 
3 31 (mod 2 . 32 .5) 
16 (mod 32 . 5) 
7 (mod 2·5) 
13 (mod 3·5) 
2 19 (mod 6·5) P7 
5 (mod 52) 
5 7· 5 (mod 2.52) 
3 13·5 (mod 22 .5
2) 
5 49·5 (mod 3.2
2 
. 52) 
2 Ps 101 (mod 23 .3·5) 
7 (mod 2·5) 
13 (mod 22 . 5) 
29 (mod 3.22 . 5) 
2 Pg PlO 
23 (mod 23 • 32) 
r 
5 (mod 52) 
2 5 35 (mod 2 .52) 3 215 (mod 32 .52) 
5 395 (mod 2.32 .52) 
71 (mod 23 . 5) 
7 (mod 2.5) 
143 (mod 22 . 32 • 5) 
359 (mod 23 . 32 . 5) 
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To obtain the covering congruence tree from the skeletal tree on the previous 
page, we must establish each of the P-termination processes. 
Note that in the diagrams for the P-processes, we may use arrows in place of 
curly brackets when outlining a given path. 
Termination for PI 
In the termination for PI, we need to cover all numbers satisfying 
all the numbers congruent to 0 (mod 8). 
2 2 
2 \
2(3{ ~5~m(~0~'n8) 
2 2 512 (mod 3 . 29 ) 
2 2 256 (mod 29) 
2 128 (mod 28 ) 
64 (mod 27) 
32 (mod 26) 
16 (mod 25) 
8 (mod 24) 
4 (mod 23) 
3 
3 
Here the leaves of the branch are of the described by the system 
2r(mod 2r+1), r = 2,3,4,5,6,7,8; 
o (mod 3.27), 256 (mod 3 .28), 512 (mod 3.29). 
All numbers congruent to 0 (mod 4) are covered by the system above. 
Proof Let n = 4k. If k is odd then n == 4(mod 8). 
We may now replace k by 2k so that n = 8k, to find that: 
if k is odd then n == 8(mod 16). 
We may now replace k by 2k so that n = 16k, to find that: 
if k is odd then n == 16(mod 32). 
We may now replace k by 2k so that n = 32k, to find that: 
if k is odd then n == 32(mod 64). 
We may now replace k by 2k so that n = 64k, to find that: 
if k is odd then n == 64(mod 128). 
We may now replace k by 2k so that n = 128k, to find that: 
if k is odd then n == 128(mod 256). 
We may now replace k by 2k so that n = 256k, to find that: 
if k is odd then n == 256(mod 512). 
We may now replace k by 2k so that n = 512k, to find that: 
If k == 0 (mod 3), then n == 0 (mod 3.27). 
If k == 1 (mod 3), then n == 512 (mod 3.29). 
If k == 2 (mod 3), then n == 256 (mod 3.28). 
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Termination for P2 
In the termination for P2 , we need to cover all numbers satisfying n '" 2 (mod 
4), n '" 0 (mod 9), that is all the numbers congruent to 18 (mod 36). 
3 1
2 { 162 (mod 23 . 33) 
3 486 (mod 23 • 34) 
33 (mod 34) 
2.33 (mod 4.34) 
32 (mod 33 ) 
2.32 (mod 4.33 ) 
3 (mod 32) 
2·3 (mod 4.32) 
Here the leaves of the branch are described by the system 
3r (mod 3r+1) 2 . 3'(mod 22 . 3r+1) r - 1 2 3-
, , -'" 
162 (mod 23 • 33), 486 (mod 23 • 34). 
All numbers congruent to 6 (mod 12) are covered by the system above. 
Proof Let n = 12k + 6. 
If k '" 0,2 (mod 3), then n '" 2 . 3, 3 (mod 22 . 32,32), respectively. 
We may now replace k by 3k + 1 so that n = 36k + 18, to find that: 
if k '" 0,2 (mod 3), then n '" 2 . 32,32 (mod 22 .33,33), respectively. 
We may now replace k by 3k + 1 so that n = 108k + 54, to find that: 
if k '" 0,2 (mod 3), then n '" 2 . 33 ,33 (mod 22.3\ 34), respectively. 
We may now replace k by 3k + 1 so that n = 22 . 34k + 162, to find that: 
if k '" 0,1 (mod 2), then n '" 2·162,486 (mod 22 . 3\ 23 .34), respectively. 
Termination for P3 
In the termination for P3 , we need to cover all numbers satisfying n '" 2 (mod 
8) and n '" 2 (mod 3), that is all the numbers congruent to 2 (mod 24). 
1213 
{ ~9~mt:o~4l~2) 
2 2 386 (mod 26 . 32) 
98 (mod 26 ·3) 
50 (mod 25 • 3) 
26 (mod 24 . 3) 
14 (mod 24) 
Here the leaves of the branch are described by the system 
3· 2r- 1 + 2(mod 3· 2r ), r = 3,4,5,6; 
2(mod 24 .32), 194(rnod 25 - 32), 386(mod 26 • 32). 
All numbers congruent to 2 (mod 12) are covered by the system above. 
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Proof Let n = 12k + 2. 
If k is odd then n :; 14(mod 24). 
If k :; 2(mod 4), then n :; 26(mod 48). 
If k :; 4(mod 8), then n:; 50 (mod 96). 
If k :; 8(mod 16), then n :; 98(mod 192). 
If k:; O(mod 48), then n :; 2(mod 576). 
If k :; 16(mod 48), then n :; 194(mod 576) 
and hence covered by 194(mod 288) . 
If k :; 32(mod 48), then n:; 386(mod 576). 
Termination for P4 
In the termination for P3 , we need to cover all numbers satisfying n :; 1 (mod 
2) and n :; 0 (mod 9), that is all the numbers congruent to 9 (mod 18). 
3 
3 
3 1
2 { 36 (mod 4.35) 
3 37 (mod 4.36) 
35 (mod 36) 
5.35 (mod 2.36 ) 
34 (mod 35) 
5.34 (mod 2 . 35) 
33 (mod 34) 
5.33 (mod 2.34) 
32 (mod 33) 
5.32 (mod 2 .33) 
3 (mod 32) 
5·3 (mod 2.32 ) 
Here the leaves of the branch are described by the system 
3r (mod 3r+1) 5· 3r (mod 2· 3r+1) r = 1 2 3 4 5' I " , , , 1 
36 (mod 22 . 35), 37 (mod 22 .36). 
All numbers congruent to 3 (mod 6) are covered by the system above. 
We terminate using q=2 with the moduli 4 . 35 and 4 .. 36, because 4 . 34 has 
already been used in P2 • 
Proof For n:; 3(mod 6), we may write n = 3r (6k + h) , where h = 1,5. 
If r=1,2,3,4,5, then we have 
n:; 3r h(mod 2· 3r+1) is covered by 3r (mod 3r+1) or 5· 3r (mod 2. 3r+1) . 
Since 36 :; l(mod 4) and 37 :; 3(mod 4), we see that if 
r ? 6 and n :; l(mod 4) then n :; 36(mod 4.35), and n :; 3(mod 4) 
then n :; 37 (mod 4.36). 
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Termination for P5 
In the termination for P5 , we need to cover all numbers satisfying 
n:; 1 (mod 2), n == 1 (mod 3), n:; 0 (mod 25), that is all the numbers 
congruent to 25 (mod 150). 
5 
5 
{
54 (mod 4.54) 
2 3.55 (mod 4 . 55) 
54 (mod 55) 
5 7.54 (mod 2 . 55) 
13.54 (mod 3 . 55) 
19.54 (mod 6 . 55) 
53 (mod 54) 
7.53 (mod 2.54) 
8.53 (mod 3.54) 
29.53 (mod 6.54) 
52 (mod 53) 
7.52 (mod 2 . 53) 
13.52 (mod 3· 53) 
19.52 (mod 6.53) 
5 (mod 52) 
7·5 (mod 2.52) 
8·5 (mod 3 . 52) 
29·5 (mod 6 . 52) 
Here the leaves of the branch are described by the system 
5r - l (mod 5r ), 7.5r - l (mod 2-5"), 5r- 1 { ~~re~~~) (mod 3·5r ), 5r - 1 { ~~~~ ~~~) (mod 6-5"), 
r = 2,3,4,5; 54 (mod 4.54), 3· 55(mod 4.55). 
All numbers congruent to 25 (mod 30) are covered by the system above. 
Proof Let n = 30k + 25. 
If k :; 1,2,3,4 (mod 5), then 
n :; 5,7·5,8·5,29·5 (mod 52,2.52,3.52, 6.52), respectively. 
We may now replace k by 5k so that n = 150k + 25, to find that: 
if k :; 0,1,2,3 (mod 5), then 
n :; 52,7.52,13.52,19.52 (mod 53,2.53 ,3.53 ,6.53), respectively. 
We may now replace k by 5k + 4 so that n = 6 . 125k + 625, to find that: 
if k :; 1,2,3,4 (mod 5), then 
n :; 53,7.53,8.53,29.53 (mod 54,2.5., 3·5" 6.54), respectively. 
We may now replace k by 5k so that n = 54(6k + 1), to find that: 
if k == 0,1,2,3 (mod 5), then 
n:; 5., 7 . 5., 13·5" 19.54 (mod 55,2.55 ,3.55,6.55), respectively. 
We may now replace k by 5k + 4 so that n = 55(6k + 5). 
Now if k is even then n :; 56 :; 54 (mod 4.54), 
and if k is odd then n == 11 . 55 == 3.55 (mod 4 . 55). 
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Termination for Pe 
In the termination for P6 , we need to cover all numbers satisfying n == 1 (mod 
2), n == 1 (mod 9), n == 1 (mod 5) that is all the numbers congruent to 1 (mod 
90). 
5 
1 
{1(mOd22'5'34) 3 2 (5.35 .2 + 1) (mod 22 .5.35) 
271 (mod2·5·34) 
136 (mod 5 . 34 ) 
91 (mod 2 . 5 .33 ) 3 
3 
46 (mod 5 . 33) 
31 (mod 2.5.32 ) 
16 (mod 5.32) 
7 (mod 2·5) 
13 (mod 3·5) 
19 (mod 2 . 3 . 5) 
Here the leaves of the branch are described by the system 
7 (mod 2·5), 13 (mod 3·5), 19 (mod 2·3·5). 
3"+1 + 3r - 1 + l(mod 5· 3r ), 3' + 2 . 3"-1 + 1(mod 2·5.3"), r = 2,3,4; 
1 (mod 22 .5.34 ), (5.35 .2 + 1) (mod 22 .5.35 ). 
All numbers congruent to 1,7,13,19 (mod 30) are covered by the system above. 
Proof Let n = 6k + 1. 
If k == 1,2,3 (mod 5), then n == 7,13,19 (mod 2.5,3·5,2·3·5), respectively. 
We may now replace k by 5k so that n = 30k + 1, to find that: 
if k == 1,2,3 (mod 5), then n == 31,16 (mod 2.5.32,5.32), respectively. 
We may now replace k by 3k so that n = 90k + 1, to find that: 
if k == 1,2 (mod 3), then n == 91,46 (mod 2.5.33,5. 33), respectively. 
We may now replace k by 3k so that n = 270k + 1, to find that: 
if k == 1,2 (mod 3), then n == 271,136 (mod 2.5.34 ,5.34), respectively. 
We may now replace k by 3k so that n = 34 (lOk) + 1, to find that: 
if k is even, then n == 1 (mod 22 • 5.34), 
and if k is odd then 
n == (2.5.34 + 1) (mod 22 .5.34 ) '* n == (2.5.34 + 1) (mod 22 . 5.35) 
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Termination for P7 
In the termination for P7, we need to cover all numbers satisfying n == 1 (mod 
4), n == 2 (mod 3), n == 0 (mod 25) that is all the numbers congruent to 125 
(mod 300). 
2 { 53 .13 (mod 53 . 23 .3) 
53 (mod 53 .23) 
52 (mod 53) 
5 7.52 (mod 2 . 53) 
13.52 (mod 22 .53) 
29.52 (mod 3.22 . 53) 
5 (mod 52) 
7·5 (mod 2.52 ) 
13·5 (mod 22 . 52) 
49·5 (mod 3 . 22 .52) 
Here the leaves of the branch are described by the system 
5r - l (mod 5r ), 7·5r - l (mod 2·5r ), 13·5r - l (mod 22 .5r ), 5r - 1 { ~;i~ ~~~») (mod 3·22 ·5r ), r = 2,3; 
53 .13 (mod 53 .23 .3), 53 (mod 53 .23). 
All numbers congruent to 5 (mod 60) are covered by the system above. 
Proof Let n = 60k + 5. 
If k == 0,1,3,4 (mod 5), then we have 
n == 5,13·5,7·5,49·5 (mod 52,22.52,2.52,3.22.52), respectively. 
We may now replace k by 5k + 2 so that n = 300k + 125, to find that: 
if k == 1,2,3,4 (mod 5), then we have 
n == 7.52,29.52,52,13.52 (mod 2.53,3.22.53,53,22.53), respectively. 
We may now replace k by 5k so that n = 53(12k + 1), to find that: 
if k is odd, then n == 53 . 13 (mod 23.3.53), 
and if k is even, then n == 53 (mod 23 .53). 
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Termination for Ps 
In the termination for Ps, we need to cover all numbers satisfying 
n = 1 (mod 8), n = 2 (mod 3), n = 1 (mod 5), 
that is all the numbers congruent to 41 (mod 120)_ 
56 (mod 3 -5 - 7) 
71 (mod 2 - 3 - 5 - 7) 
401 (mod 22 -3 -5 - 7) 
7 521 (mod 23 - 3 -5 - 7) 
137 (mod 23 - 3 - 7) 
201 (mod 23 - 5 - 7) 
6 (mod 5 - 7) 
101 (mod 23 - 3 -5) 
Here the leaves of the branch are described by the system 
101 (mod 23-3-5), 56 (mod 3-5-7), 71 (mod 2-3-5-7), 401 (mod 22-3-5-7), 521 (mod 23-3-5-7), 
137 (mod 23 - 3 -7), 201 (mod 23 - 5 -7), 6 (mod 5 - 7)_ 
All numbers congruent to 41 (mod 60) are covered by the system above_ 
Proof Let n = 60k + 4l. 
If k is odd, then we have n = 101 (mod 23 - 3 - 5)_ 
We may now replace k by 2k so that n = 120k + 41, to find that: 
if k = 0, 1, 2, 3, 4, 5, 6 (mod 7), then we have 
n=6,56,71,401,521,137,201 
(mod 7 -5,3 -5 - 7, 2 -3 -5 -7,22 - 3 -5 -7,23 - 3 -5 -7,23 - 3 -7,23 - 5 -7), 
respectively_ 
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Termination for Pg 
In the termination for Pg, we need to cover all numbers satisfying 
n '" 3 (mod 8) and n '" 2 (mod 3), 
that is all the numbers congruent to 11 (mod 24). 
35 (mod 2 . 3 . 7) 
43 (mod 23 . 7) 
9 (mod 2·7) 
2 <--> 3 <--> 2 >-+ 2 <--> 7 59 (mod 22 ·3· 7) 
11 (mod 3·7) 
19 (mod 22 . 7) 
83 (mod 23 .3·7) 
Here the leaves of the branch are described by the system 
35 (mod 2.3.7), 43 (mod 23 .7), 9 (mod 2·7), 59 (mod 22 .3.7), 
11 (mod 3·7), 19 (mod 22 ·7), 83 (mod 23 .3.7). 
All numbers congruent to 11 (mod 24) are covered by the system above. 
Proof Let n = 24k + 11. 
If k '" 0,1,2,3,4,5,6 (mod 7), then we have 
n '" 35,59,83,9,19,43,11 
(mod 2 . 3.7,22 '3.7,23 ·3·7,2. 7,22 . 7,23 .7,3.7), 
respectively. 
Termination for PlO 
In the termination for PlO, we need to cover all numbers satisfying 
n '" 7 (mod 8) and n '" 2 (mod 9), 
that is all the numbers congruent to 47 (mod 72). 
407 (mod 23 .32 .11) 
23 (mod 22 ·11) 
2 (mod 3·11) 
47 (mod 2.3·11) 
191 (mod 2.32 .11) 
11 71 (mod 23 .3.11) 
2>-+ 3 >-+ 2 >-+ 2<--> 3 17 (mod 2.11) 
7 (mod 23 • 11) 
74 (mod 32 • 11) 
119 (mod 22 ·3.11) 
263 (mod 22 . 32 .11) 
23 (mod 23 .32) 
5 
Here the leaves of the branch are described by the system 
37 
23 (mod 23 .32), 407 (mod 23 .32 .11), 23 (mod 22 .11), 2 (mod 3·11), 
47 (mod 2·3·11), 191 (mod 2.32 .11), 71 (mod 23 .3 ·11), 17 (mod 2 ·11), 
7 (mod 23 ·11), 74 (mod 32 .11), 119 (mod 22 .3.11), 263 (mod 22.32 ·11). 
All numbers congruent to 23 (mod 24) are covered by the system above. 
Proof Let n = 24k + 23. 
If k = 0 (mod 3), then we have n = 23 (mod 23 .32). 
We may now replace k by 3k + 1 so that n = 72k + 47, to find that: 
if k = 0, 1, 2, 3, 4, 5, 6, 7,8,9,10 (mod 11), then we have 
n =47,119,191,263,71,407,17,23,7,2,74 
(mod 2.3.11,22 .3.11,2.32 .11,22 .32 .11,23 .3 .11,23 .32 .11,2.11, 
22 .11,23 .11,3.11,32 .11), 
respectively. 
Termination for PH 
In the termination for Pn , we need to cover all numbers satisfying 
n = 7 (mod 8), n = 8 (mod 9), n = 0 (mod 25), 
that is all the numbers congruent to 575 (mod 1800). 
175 (mod 2.52 . 7) 
575 (mod 23 . 32 . 52 • 7) 
2375 (mod 23 .32 .5.7) 
7 4175 (mod 22 . 32 . 52 . 7) 
935 (mod 22 .32 .5.7) 
5 1475 (mod 2 . 32 .52 . 7) 
125 (mod 2 . 32 • 5 . 7) 
2>--> 3 >--> 2 r-> 2 >--> 3 >--> 5 5 (mod 52) 
7· 5 (mod 2 . 52) 
43 ·5 (mod 32 • 52) 
79 ·5 (mod 2.32 • 52) 
71 (mod 23 ·5) 
7 (mod 2 ·5) 
143 (mod 22.32 .5) 
359 (mod 23 .32 .5) 
Here the leaves of the branch are described by the system 
71 (mod 23 .5), 7 (mod 2.5), 143 (mod 22 . 32 . 5), 359 (mod 23 • 32 • 5), 
5 (mod 52), 7·5 (mod 2.52), 43·5 (mod 32 .52), 79·5 (mod 2.32 .52), 
175 (mod 2.52.7), 575 (mod 23.32.52.7), 2375 (mod 23.32.5.7), 4175 (mod 22.32.52.7), 
935 (mod 22 .32 .5.7), 1475 (mod 2.32 .52 .7), 125 (mod 2.32 .5.7). 
All numbers congruent to 71 (mod 72) are covered by the system above. 
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Proof Let n = 72k + 71. 
If k =:; 0,1,3,4 (mod 5), then we have 
n =:; 71,143,7,359 
(mod 23 . 5,22 . 32 . 5,2.5,23 .32 .5), respectively. 
We may now replace" by 5" + 2 so that n = 360k + 215, to find that: 
if k =:; 0,2,3,4 (mod 5), then we have 
n=:;215,35,395,5 
(mod 32 . 52,2.52,2.32.52,52), 
respectively. 
We may now replace k by 5k + 1 so that n = 1800k + 575, to find that: 
if k =:; 0, 1, 2, 3, 4, 5, 6 (mod 7), then we have 
n=:; 575,2375,4175,935,1475,125,175 
(mod 23.32.52.723.32.5.722.32.52.722.32.5.7 2.32.52.7 2.32.5.7 2.52.7) , , , , , , 1 
respectively. 
Conclusion 
We note that we can construct a covering congruence tree by the skeletal tree 
and each of the eleven P-termination diagrams. It follows tbat we have proved 
that it is possible to cover the set of all integers with the residues and moduli 
present in the skeletal tree and in each of the eleven P-termination diagrams, 
such that all moduli m; are distinct and mi ;:0: 8. 
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Chapter 3 - A new result in covering sets 
Introduction 
In this section, we prove that it is impossible to cover the set of all positive 
integers as a finite collection of a, (mod IDi), 1 :s; i :s; k, where k is a sufficiently 
large integer, such that the moduli rni are distinct, co-prime, odd and greater 
than one. Furthermore, we prove that there exists an infinite set of arithmetic 
progressions of integers which are not covered. We note that this was previously 
an unsolved problem on which no significant progress had been made. The 
methods in our proof may also be of some use for making progress on the 
famous unsolved Erdos-Selfridge conjecture which, as described in 17, section 
F13], states that there is no covering set in which all tbe moduli are distinct, 
odd and greater than one. It should also be mentioned tbat the Erdos-Selfridge 
conjecture motivated the work in this chapter. 
We shall use the same definitions as in the previous section but with the mod-
ification that the distinct moduli ID, are odd instead of being greater than or 
equal to 8. 
Some further definitions are also required for the purpose of our proof. These 
are given below. 
Let us refer to any incomplete covering congruence tree as a tree. 
Let p be a given prime. We denote a prime greater than or equal to p by 
p+. We use the notation [PO) to represent a branch point which is assigned 
with p. Similarly, we use the notation [p+) to represent a branch point which is 
assigned with a prime greater than or equal to p. 
Define a previous branch to be the branch which contains the branch point 
from which a given immediate successive branch directly comes out of. 
Define any branches which would not otherwise exist without a given branch 
of lower order, to be known as successive branches of the given branch of lower 
order. 
The following lemmas and theorems hold for trees containing only odd mod-
uli. 
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Lemma 1 
Assume that there exists a t,h order branch, where t E {2, 3, ... }, containing 
tree-points, such that some of these treepoints are necessarily branch points be-
cause the maximum number of possible leaves in this particular branch is less 
than the total number of tree-points in this branch. Let us refer to these branch 
points in this t,h order branch as permanent branch points. Then all these per-
manent branch points create successive branches of orders greater than t, such 
that these successive branches do not contain any leaves with moduli which are 
present in leaves that either could have or already have appeared in the afore-
mentioned t'h order branch. 
Proof Assume that there exists a tree with a t,h order branch, where t E 
{2, 3, ... }, such that the maximum number of possible leaves is used in this par-
ticular branch. Then the desired result follows trivially. 
Now assume that the afore-mentioned t,h order branch has some if its leaves 
replaced by branch points. We refer to these particular branch points as tem-
porary branch points. It follows that any moduli contained in leaves which were 
replaced by these temporary branch points in the t,h order branch, can only ap-
pear in the successive branches of these temporary branch points. The desired 
result now follows immediately. 0 
Theorem 1 
Define a to be an odd prime with which the initial tree-point is assigned and 
denote the odd primes (which are not necessarily distinct from each other and 
from a) used to assign any given branch point in the first order and any second 
order branch by b and c respectively. 
If either the initial tree-point is a [5+] or the initial tree-point is a [3'] and 
no leaves appear in the first order branch, then there exists a [19+] on a third 
order branch which creates a fourth order branch containing at least five [19+]'s 
and at most 8 leaves containing the moduli 
z E {19+a, 19+b, 19+ab, 19+, 19+abc, 19+ac, 19+bc, 19+c}, 
such that all successive branches created by any of these five [19+]'s do not 
contain moduli z. 
Proof If the initial tree-point is a [3+] and we do not use a leaf in the first 
order branch, then we need a [7+] in the first order branch. If the initial tree-
point is a [5+], then we need a [7+] in the first order branch. So we assume 
that there exists a [7+] in the first order branch, which we denote by branch B I • 
Denote the second order branch coming out of the [7+] in BI by B2 It follows 
that we can use at most three leaves in B2 • 
If we use three leaves in B2 then there exists an [11+] in B2. It follows that at 
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least one [19+] exists in the third order branch coming out of the [11+] in B2 , 
such that, by applying Lemma 1, all successive branches created by this[19+] do 
not contain moduli y E {a, b, e, ab, abe, ae, bc}. In fact, there is exactly one such 
[19+] in the third order branch coming out of the [11+] in B2 if we use all possi-
ble leaves containing moduli y E {a, b, c, ab, abc, ae, bc} in this same third order 
branch. It follows that the fourth order branch created by the afore-mentioned 
[19+] consists of at least five [19+]'s and at most 8 leaves containing the moduli 
Z E {19+a, 19+b, 19+ab, 19+, 19+abc, 19+ac, 19+bc, 19+c}. 
The desired result now follows after a simple application of Lemma 1. 
If we use two leaves in B2 then there exist an [11+] and a [13+] in B 2. It 
follows that at least three [19+]'s exist in the third order branches coming 
out of the [11+] and [13+] in B2 , such that, by applying Lemma 1, all suc-
cessive branches created by any of these three [l9+]'s do not contain moduli 
y E {a, b, c, ab, abc, ac, be}. In fact, there are exactly three such [19+]'s in the 
third order branches coming out of the [11+] and [13+] in B2 if we use all pos-
sible leaves containing moduli y E {a, b, c, ab, abc, ae, bc} in these third order 
branches. It follows that each of the three fourth order branches created by 
the afore-mentioned three [19+]'s consists of at least five [19+]'s and at most 8 
leaves containing the moduli 
Z E {19+a, 19+b, 19+ab, 19+, 19+abc, 19+ac, 19+bc, 19+c}. 
The desired result now follows after a simple application of Lemma 1. 
If we use one leaf in B2 then there exist an [11+], a [13+] and a [17+] in 
B2. Then, at least nine [19+]'s exist in the third order branches coming out 
of the [11 +], [13+] and [17+] in B2, such that, by applying Lemma 1, all suc-
cessive branches created by any of these nine [19+]'s do not contain moduli 
y E {a, b, c, ab, abc, ac, bc}. It follows that each of the nine fourth order branches 
created by the afore-mentioned nine [19+]'s consists of at least five [19+]'s and 
at most 8 leaves containing the moduli 
Z E {19+a, 19+b, 19+ab, 19+, 19+abe, 19+ac, 19+bc, 19+c}. 
The desired result now follows after a simple application of Lemma 1. 
If we use no leaves in B2 then there exist an [11+], a [13+], a [17+] and a 
[19+] in B2' Then at least seventeen [19+]'s exist in the third order branches 
coming out of the [11+], [13+], [17+] and [19+] in B 2 , such that, by applying 
Lemma 1, all successive branches created by any of these seventeen [19+]'8 do 
not contain moduli y E {a, b, c, ab, abc, ac, bc}. It follows that each of the sev-
enteen fourth order branches created by the afore-mentioned seventeen [19+]'s 
consists of at least five [19+]'8 and at most 8 leaves containing the moduli 
Z E {19+a, 19+b, 19+ab, 19+, 19+abc, 19+ac, 19+bc, 19+c}. 
42 
--------------------------------.......... 
The desired result now follows after a simple application of Lemma 1. 
The proof is now complete. 0 
Theorem :I 
Define a to be an odd prime with which the initial tree-point is assigned and 
denote the odd primes (which are not necessarily distinct from each other and 
from a) used to assign any given branch point in the first order and any second 
order branch by band c respectively. 
Suppose that we do not use any leaves consisting of the modulus ab. Then 
if the initial tree-point is a [3+J such that one leaf appears in the first order 
branch, it follows that there exists a [19+] on a third order branch which creates 
a fourth order branch containing at least five [19+J and at most eight leaves 
containing the moduli 
z E {19+a, 19+b, 19+ab, 19+, 19+abc, 19+ac, 19+bc, 19+c}, 
such that all successive branches created by any of these five [19+]'s do not 
contain moduli z. 
Proof The leaf on the first order branch contains the modulus 3. Then there 
exists at most one leaf in the second order branch coming out of the [5+] in the 
first order branch which must contain the modulus b, where b is a prime greater 
than or equal to 5. 
Assume that there exists exactly one leaf in the second order branch coming 
out of the [5+J in the first order branch. Then there exists an [11 +] in the same 
second order branch as the leaf containing the modulus b. It follows that at least 
one [19+J exists in the third order branch coming out of this [11 +], such that, by 
applying Lemma 1, all successive branches created by this [19+J do not contain 
moduli yE {a,b,c,ab,abc,ac,bc}. In fact, there is exactly one such [19+J in 
the third order branch coming out of the afore-mentioned [11+] if we use all 
possible leaves containing moduli y E {a, b, c, ab, abc, ac, be} in this third order 
branch. It follows that the fourth order branch created by the afore-mentioned 
[19+] consists of at least five [19+]'s and at most 8 leaves containing the moduli 
z E {19+ a, 19+b, 19+ ab, 19+,19+ abc, 19+ ac, 19+bc, 19+ cl. 
The desired result now follows after a simple application of Lemma 1. 
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I 
I 
I 
Assume that there do not exist any leaves in the second order branch coming 
out of the [5+J in the first order branch. Then there exist an [11 +J and a [13+J 
in the same second order branch. It follows that at least four [19+J's exist in 
the third order branches coming out ofthe [l1+J and [13+J in Bz, such that, by 
applying Lemma 1, all successive branches created by this [19+J do not contain 
moduli yE {a,b,c,ab,abc,ac,bc}. In fact, there are exactly four such [19+]'s 
in the third order branches coming out of the [11 +J and [13+J in B2 if we use 
all possible leaves containing moduli y E {a, b, c, ab, abc, ac, be} in these third 
order branches. It follows that each of the fourth order branches created by 
the respective four afore-mentioned [19+]'s consist of at least five [19+J's and at 
most 8 leaves containing the moduli 
z E {19+a, 19+b, 19+ab, 19+, 19+abc, 19+ac, 19+bc, 19+c}. 
The desired result now follows after a simple application of Lemma 1. 
The proof is now complete. 0 
Theorem 3 
Suppose that we construct auy tree only using leaves such that their respective 
moduli are distinct, odd and co-prime. Then there exists a [19+J on a third or-
der branch which creates a fourth order branch containing more than five [19+J 
and less than eight leaves, such that all successive branches created by any of 
these five [19+J's do not contain any leaves with moduli which are present in 
leaves that either could have or already have appeared in an 8 th order branch, 
where s ~ 1,2,3,4. c 
Proof 
By considering the fact that we use less moduli and hence more branch points 
than in the previous theorems, the desired result follows immediately from both 
Theorem 1 and Theorem 2. 0 
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Theorem 4 
It is impossible to terminate a tree with branch points assigned with odd primes, 
such that its leaves are all assigned with distinct odd co-prime moduli. Further-
more this tree, which we shall call 'T, contains an infinite number of paths which 
cannot be terminated. 
Proof By Theorem 3, there exists a fourth order branch containing more than 
five [19+J and less than eight leaves. Anyone of these afore-mentioned [19+]'s 
creates a fifth order branch containing at most five leaves, since it is trivially 
true that the maximum number of co-prime moduli on a fifth order branch is 
five. It follows that anyone of the afore-mentioned [19+J'8 on a fourth order 
branch creates a fifth order branch containing the fifth order branch points [3+J, 
[5+J, [7+J, [11 +J, [13+], [17+J and [19+J. By applying Lemma 1, all successive 
branches created by these fifth order branch points do not contain any leaves 
with moduli which are present in leaves that either could have or already have 
appeared in an 8th order branch, where 8 = 1,2,3,4,5. Now because we must 
use leaves with distinct co-prime moduli, the process by which we construct the 
sixth order to ninth order branches coming out of any of the afore-mentioned 
fifth order branch points is identical to how the first four orders of branches 
were constructed in Theorem 3. In this way, we obtain a tenth order branch 
containing the tenth order branch points [3+J, [5+], [7+J, [11+], [13+], [17+J and 
[19+J. By applying Lemma 1, all successive branches created by these tenth 
order branch points do not contain any leaves with moduli which are present in 
leaves that either could have or already have appeared in an 8th order branch, 
where s = 1,2,3,4,5,6,7,8,9,10. By an easy inductive argument, there exists 
a 5rth order branch, where r is any positive integer, such that this branch con-
tains branch points [3+J, [5+], [7+], [l1+J, [13+J, [17+J and [19+J. By applying 
Lemma 1, all successive branches created by these 5rth order branch points do 
not contain any leaves with moduli which are present in leaves that either could 
have or already have appeared in an 8th order branch, where 8 = 1, ... , 5r. It 
follows that the tree consists of an infinite number of paths which can never be 
terminated. The union of these paths correspond to an infinite set of arithmetic 
progressions of numbers which cannot be covered. 0 
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Theorem 5 
It is impossible to terminate a tree with branch points assigned with any primes, 
such that its leaves are all assigned with distinct odd co-prime moduli. Further-
more, this tree contains an infinite number of paths which cannot be terminated. 
Proof 
Case i) We shall modify the tree 7. Assume that the initial tree-point of this 
modified tree is not a [2']. Suppose that we replace any given branch point 
[v+] (where v is a prime) on a branch of order t in the tree 7 (where t is an 
integer greater than or equal to 1) with a [2']. Also suppose that this partic-
ular [2'] creates successive branches (of order greater than t ) which mayor 
may not contain other [2']'s. Then, in order that we obtain leaves with dis-
tinct co-prime odd moduli at the end of every path, either at least one of the 
afore-mentioned successive branches created by the [2*J on the t,h order branch 
or the afore-mentioned branch of order t must contain a [v+J. It now follows 
that we have a tree (which we shall call 7') with more branch points than 7 but 
with the same number ofleaves as 7. The desired result follows from Theorem 4. 
Case ii) Suppose we create a tree 7" with leaves containing distinct odd co-
prime moduli, such that the initial tree-point is a [2*]. Assume that we may 
also use other [2']'s in this tree. Then, in order that we obtain leaves with 
distinct co-prime odd moduli at the end of every path of 7", it is evident that 
7" consists of r'. The desired result now follows from the previous case. 
This completes the proof. o 
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Theorem 6 
It is impossible to cover the set of all integers by using distinct odd co-prime 
moduli. Furthermore, there exists an infinite set of arithmetic progressions of 
integers which are not covered. 
Proof This result follows directly from Theorem 5, in which all moduli are 
distinct, odd and co-prime. We note that because the tree in the statement of 
Theorem 5 contains an infinite number of paths which cannot be terminated, 
there exists an infinite set of arithmetic progressions of integers which are not 
covered. 0 
Corollary 1 
It is impossible to cover the set of all integers by using odd prime moduli. Fur-
thermore, there exists an infinite set of arithmetic progressions of integers which 
are not covered. 
Proof This is a special case of Theorem 6, in which all moduli are distinct odd 
primes. 0 
Corollary 2 
Consider the sets Ai, each consisting of consecutive odd prime numbers in as-
cending order, where the first element of Ai is the ithprime, i 2: 1. Also, consider 
the set B consisting of prime elements in ascending order such that one element 
is an even number not equal to 2 and the remaining elements are odd primes. 
Then, for any given Ai, if the difference between each consecutive pair of ele-
ments in B exceeds the difference between each consecutive pair of elements in 
the set Ai, it is impossible to cover the set of all integers by using only elements 
in B as moduli. 
Proof It is clear from Corollary 1 that it is impossible to cover the set of all 
integers by using distinct odd prime moduli. If we add an even modulus to this 
set of prime moduli to form a set B so that all the moduli are still co-prime, 
then each modulus in each leaf in the corresponding tree can only be created if 
a path can be traced to it from the initial tree-point via the branch-point which 
is assigned by the number equal to it. In this respect, the even modulus creates 
the same effect as any other odd prime modulus in the tree. Now we consider the 
sets Ai, each consisting of consecutive odd prime numbers in ascending order, 
where the first element of Ai is the ithprime, i 2: 1. Let us regard the elements 
in any given set (namely, in Ai Or B) as moduli used in a corresponding tree. 
Then, for any given Ai, if the difference between each consecutive pair of ele-
ments in B exceeds the difference between each consecutive pair of elements in 
the set Ai, we can create a tree using only elements in B with at least as many 
leaves but with more tree-points than a tree constructed from elements in Ai. 
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The desired result follows immediately. o 
Theorem 7 
It is impossible to cover the set of all even integers by using distinct odd co-prime 
moduli. Furthermore, there exists an infinite set of arithmetic progressions of 
even integers which are not covered. 
Proof Suppose we construct a special case of the tree TU described in Theorem 
5. Let us call this new tree Till. We construct T'" as follows. The first tree-point 
of Till together with all its successive branches is represented by T' (the initial 
tree-point of which is the first tree-point in the first order branch of Till). The 
second tree-point of the first branch of T'" is represented by the leaf 1 mod 2 
(which covers all odd integers). It follows from Theorem 5 that Till cannot be 
terminated, and hence there exists an infinite set of arithmetic progressions of 
even integers which cannot be covered by using distinct odd co-prime moduli. 
The desired result has been proved. 0 
Theorem 8 
It is impossible to represent the set of all even integers as the union of the 
arithmetic progressions Pi + Ni, i E {I, 2, 3, ... }, where Ni may be any (not 
necessarily distinct) integers, and the set of all such Pi contains odd numbers 
which are all co-prime to one another. Furthermore, there exists an infinite 
set of arithmetic progressions of even integers which are not represented by the 
union of the arithmetic progressions Pi + Ni, i E {I, 2, 3, ... }. 
Proof Let us write any covering set with distinct odd co-prime moduli as a set 
of arithmetic progressions of the form 
Pi ·mi +qi, i E {1,2,3, ... }, 
where the set of all such Pi contains odd numbers which are all co-prime to one 
another, and where both mi E {O, 1, ... } and qi E Z. It follows from Theorem 
7 that it is impossible to represent the set of all even integers as the union 
of the arithmetic progressions Pi . mi + qi, i E {I, 2, 3, ... }. Furthermore, by 
Theorem 7, there exists an infinite set of arithmetic progressions of even in-
tegers which are not represented by the union of the arithmetic progressions 
Pi ·mi +qi, i E {1,2,3, ... }. 
The arithmetic progressions Pi· mi + qi, i E {I, 2, 3, ... }, may be rewritten as 
Pi +Pi· (mi -1) +qi, i E {I, 2, 3, ... }. However, using the fact qi E Z, it follows 
that this last expression of arithmetic progressions can be rewritten as Pi + Ni, 
where Ni is any integer. The desired result now follows immediately. 0 
48 
--
Corollary 1 
It is impossible to express all even integers as the sum of an odd prime Pi and 
a number which is the product of exactly two primes, such that we use the odd 
primes Pi exactly once. Furthermore, there exists an infinite set of arithmetic 
progressions of even integers which cannot be expressed in this manner. 
Proof This result follows directly from Theorem 8 by making the Pi, i E 
{I, 2, 3, ... }, distinct odd primes and by using Ni which are the product of two 
primes. D 
Corollary 2 
It is impossible to represent all even integers greater than 2 as the sum of two 
certain primes, such that for any pair of such sums, we ignore covering the in-
teger equal to the sum of two of them which are odd and distinct from each 
other (which we shall refer to as a primary prime pair), if the other two primes 
are both distinct from both primes the primary prime pair. Furthermore, there 
exists an infinite set of arithmetic progressions of even integers which cannot be 
expressed in this manner. 
Proof We use a special case of Theorem 8 by making the Pi, i E {I, 2, 3, ... }, 
distinct odd primes and by using Ni, i E {I, 2, 3, ... }, which are primes. By 
taking into account that Pi are odd and distinct, we now consider the union of 
one pair of the arithmetic progressions Pi + Ni, where i E {I, 2, 3, ... }. We note 
that the above pair of Pi constitute a primary prime pair, and that the pair of 
Ni mayor may not be both distinct from both primes in the primary prime 
pair. The desired result now follows trivially. D 
Corollary 3 
It is impossible to represent all even integers greater than 2 as the sum of two 
distinct primes, such that each such sum does not contain a prime that appears 
in another sum. Furthermore, there exists an infinite set of arithmetic progres-
sions of even integers which cannot be expressed in this manner. 
Proof We use a special case of Theorem 8 by making the Pi, i E {I, 2, 3, ... }, 
distinct odd primes and by using Ni i E {I, 2, 3, ... }, which are primes, such 
that the Ni and Pi are all distinct from each other. The desired result now 
follows trivially. D 
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